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2magnetic and weak pion number-changing processes, is
very large compared to the lifetime of the system created
in relativistic heavy-ion collisions and therefore, these
processes are of no relevance for the propagation proper-
ties of pions within the hadronic phase of the collision.
As for the case of strong processes, it is by now accepted
that they drive pion number toward chemical freeze-out
at a temperature considerably higher than the thermal
freeze-out temperature and therefore, that from chemi-
cal to thermal freeze-out, the pion system evolves with
the pion abundance held xed [8, 9]. Under these cir-
cumstances, it is possible to ascribe to the pion density a
chemical potential and consider the pion number as con-
served [10, 11]. In this context, the role of a nite pion
chemical potential into a hadronic equation of state has
been recently investigated in Ref. [12].
Furthermore, another important ingredient in the anal-
ysis is the well know fact that in nite temperature eld
theories with either massless degrees of freedom or that
exhibit spontaneous symmetry breaking [13], the pertur-
bative expansion breaks down and thus the necessity to
implement resummation techniques.
In this paper we explore the eects introduced by a
nite pion density on the dispersion curve of pions at -
nite temperature. Starting from the linear sigma model,
we use an eective Lagrangian [14] obtained by integrat-
ing out the heavy sigma modes and compute, in a non
perturbative fashion, the pion self-energy. We nd that
the dispersion curve is modied with respect to the vac-
uum in a way described by the introduction of an index
of refraction larger than one, in addition to the thermal
and density increase of the pion mass. We discuss possi-
ble implications of such behavior of the pion dispersion
curve.
The work is organized as follows: In section II, we
recall how for temperatures and momenta smaller than
the mass of the sigma, it is possible to integrate out the
heavy sigma modes to construct an eective Lagrangian
that reproduces the two-loop pion self-energy at nite
temperature. In section III, we use this eective La-
grangian to compute non-perturbatively the pion self-
energy and from it, the pion dispersion curve at nite
density and temperature. Finally, in section IV, we sum-
marize and discuss our results, emphasizing some of the
possible consequences of the behavior of the dispersion
curve thus found for the propagation pions that approach
the boundary between the hadronic medium and vacuum
in a relativistic heavy-ion collision.
II. EFFECTIVE LAGRANGIAN
The Lagrangian for the linear sigma model, including
only meson degrees of freedom and with an explicit chiral























FIG. 1: Diagramatic representation of the self-consistent pion





















where  and  are the pion and sigma elds, respectively,
















From the above Lagrangian one obtains the Green's
functions and Feynman rules to be used in perturbative
calculations, in the usual manner. For instance, the bare




(Q) and the bare


























































These Green's functions are suÆcient to obtain the mod-
ication to the pion propagator, both at zero and nite
temperature, at any given perturbative order.
When interested in a given approximation scheme to
build such Green's functions, it is possible to exploit
the relations that chiral symmetry imposes among them.
These relations, better known as chiral Ward identities
(ChWI), are a direct consequence of the fact that the di-
vergence of the axial current may be used as an interpo-
lating eld for the pion [15]. Thus, one can construct the
modication to one of the above Green's functions at a
given perturbative order and for a given approximation.
In order to make sure that the approximation respects
chiral symmetry, one needs to check that the modica-
tion of other Green's functions respect the corresponding
ChWI. For example, two of the ChWI satised {order by

















































































= 0 and Q + P = 0. The notation
3for the functional dependence of the vertices in Eqs. (4)
is such that the variables before and after the semicolon
refer to the four-momenta of the sigma and pion elds,
respectively [15].
In Refs. [14] it has been shown that in the kinematical
regime where the pion momentum, the pion mass and
the temperature are small compared to the sigma mass,
the eective one-loop sigma propagator and one-sigma










































































































where in the imaginary-time formalism of thermal eld
theory (TFT), the function I
t
is obtained as the time-
ordered analytical continuation to real energies of the








































with ! = 2mT and !
n
= 2nT (m, n integers)
being discrete boson frequencies, T is the temperature
and q = jqj; k = jkj.
It is easy to check that Eqs. (5), (6) and (7) satisfy the
Ward identities in Eq. (4), this ensures that the approx-
imation scheme adopted respects chiral symmetry.
By using the above eective vertices and propagator,
it is possible to construct the two-loop modication to
















































Equation (9) reproduces the leading order result obtained
from ChPT [4]. Furthermore, we observe that Eq. (9)
































) and the factor 6 comes from con-




























Eqs. (9) and (10) mean that in the kinematical regime
where the sigmamass is large compared to the pion mass,
the momentum and the temperature, the linear sigma
model Lagrangian reduces to a 
4
Lagrangian for eec-
tive like-isospin pions with an eective coupling given
by . By restricting ourselves to the above kinematical
regime, we will proceed on working with the Lagrangian
given by Eq. (10).
III. NON-PERTURBATIVE PION
SELF-ENERGY
It is well know that quantum eld theories at nite
temperature present certain subtleties such as the break-
down of the perturbative expansion [16]. This break-
down becomes manifest in two important cases: the ap-
pearance of infrared divergences in theories with massless
degrees of freedom, and the compensation of powers of
the coupling constant with powers of T for large temper-
atures. In both situations, the resummation of certain
classes of diagrams represents an important improvement
for the study of the physical properties of such theories.
Even for cases where neither there is a massless degree
of freedom, nor the temperature is extremely large, it is
important to consider a resummation scheme, particu-
larly for the case of theories with spontaneous symmetry
breaking near critical behavior.
In order to consider the above mentioned general situa-
tion and with the purpose of studying the pion dispersion
curve at nite density and temperature, let us formally
consider the Schwinger-Dyson equation for the pion self-











































































where for internal lines, we make the substitution i! !
i!+. Notice that since the interaction Lagrangian con-
tains only a quartic term, there is no need to dress the
vertices in the above equation.
Equation (12) represents an integral equation for the
function (P ), which, needless to say, is very diÆcult
to be solved exactly. In order to nd an approximate
solution let us write
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µ = 130  MeV
µ = 120  MeV
µ = 0      MeV
FIG. 3: p
0
as a function of p for  = 0; 120; 130 MeV and
























































,  is the step function and the




























It can also be checked that for  = 0, Eqs. (21)
and (22) reduce to the corresponding expressions found
in Refs. [14].
Notice that Eq. (19) contains temperature-dependent
innities coming from the terms involving the function
I
t
, as well as vacuum innities. This is an usual feature
of multi-loop calculations at nite temperature where one
always encounters temperature-dependent innities in in-
tegrals involving only the bare terms of the original La-
grangian. However, as it turns out, these innities are
exactly canceled by the contribution from the integrals
computed by using the counterterms that are necessary
to introduce at the previous order of the loop expan-
sion to carry the (vacuum) renormalization. This renor-
malization method has been developed in Refs. [18] for
the resummation method employed here and has been
given the name Modied Self-Consistent Resummation.
For the purposes of this work, we concentrate on the -
nite, temperature-dependent terms and refer the reader
to the above cited works for a detailed treatment of the
renormalization procedure.















; p) ; (23)
therefore, the pion dispersion relation is given as the so-














µ = 130  MeV
µ = 120  MeV
µ = 0      MeV










(T; ) for  = 0; 120; 130 MeV and T =




























. Figure 3 shows plots of p
0
as a function
of p for dierent values of  and a temperature T =
120 MeV. As can be seen from this gure, (p
0
; p = 0)
contributes to the increase of the pion mass. Also, for
large p, the dispersion curves approach the light cone,






We also notice that the dispersion curves can be











(T; ) : (25)
This is shown in Fig. 4 where the dots represent the com-
puted values of the dispersion relation and the continuous
curves the ts. Table 1 shows the values of the parame-
ters n(T; ) and M (T; ) for the dierent values of  and
the temperature considered. From this table we observe
that the presence of a nite chemical potential has two
dramatic eects on the behavior of the pion dispersion
curve compared to the case where only the temperature
is considered: rst, there is a signicant increase in the
pion mass and second, the index of refraction parameter
n becomes larger than unity.
Recall that the magnitude of the pion group velocity
v
g
is given as the derivative of the pion energy p
0
with
































where we have dened the (momentumdependent) index




TABLE I: Values of the parameters n(T; ) and M(T; ), for
three values of the chemical potential,  = 0; 120; 130 MeV
and for a temperature T = 120 MeV.

























Equation (27) can be interpreted as a temperature, den-
sity, and momentum-dependent pion index of refraction.






> 1, for all values of p, the index of refrac-
tion developed by the pion medium at nite density and
temperature is always larger than unity.
IV. SUMMARY AND CONCLUSIONS
In this paper we have considered the eects of a -
nite pion density on the pion dispersion curve at nite
temperature. The nite density is described in terms of
a nite pion chemical potential. We have argued that
such description is valid during the hadronic phase of a
collision of heavy nuclei at high energies between chemi-
cal and thermal freeze-out when the strong pion-number
changing processes have driven the pion number to a
xed value.
In order to consider a general scenario that takes into
account resummation eects, we have presented an ap-
proximate solution to the Schwinger-Dyson equation for
the momentum-dependent pion self-energy, writing this














whereas the perturbative expansion of 
0
starts at O().
The pion dispersion relation thus obtained at nite
density and temperature deviates from the vacuum dis-
persion relation and can be described in terms of a den-
sity and temperature dependent mass and an index of
refraction, also temperature, density as well as momen-
tum dependent. This index of refraction is larger than
unity for all values of the momentum. Similar results
have been obtained in Ref. [19] using also a linear sigma
model without the introduction of a nite chemical po-
tential but rather as a consequence of the loss of Lorentz
invariance when a particle travels in a medium at nite
temperature. We note however that our result is more
general than that of the former reference where the com-
putation of the pion dispersion relation was carried from
the onset in the weak coupling regime, that is to say,

2




A very interesting consequence of the development of
such index of refraction happens when considering pions
that approach the boundary between the strongly inter-
acting hadronic region of the collision and vacuum. Prop-
agation through the boundary wall can be described in
three dierent regimes, depending on whether the wall's
width d is much smaller, on the order of, or much larger
than the pion's wave length . In the rst situation (thin
wall regime), it is possible to treat the propagation of the
pions through the boundary in terms of transmission and
reection coeÆcients. In the second case, diusion eects
have to be properly taken into account. However, in the
third case (d  ), which we choose here as an illus-
trative scenario, it is possible to consider the motion of
pions through the wall as that of classical particles climb-
ing out of a potential well and the interaction of the wall
on the pions as that of a classical force that causes the
momentum component normal to the boundary, p
t
, to
change, while the momentum component parallel to the
boundary, p
l
, is left unchanged [2]. The change is found
by imposing energy conservation for the waves on both










































Notice that when n = 1, Eq. (30) means that the mo-
mentum component normal to the boundary in vacuum
grows when compared to the same component inside the
pion medium. However, in the general case of nite
T and , n
 1
< 1 so, from Eq. (30) we see that it

























purely imaginary,meaning that the pion is reected back.
These phenomena might have a word on the behav-
ior of the transverse pion spectra measured from SIS
(Heavy Ion Synchrotron) to RHIC energies, but clearly
a more detailed study of the propagation properties of
pions through the boundary between the hadronic phase
and vacuum in relativistic heavy-ion collisions is called
for. This will be the subject of a future work [20].
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